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SECOND SOUND AND NONLINEAR OPTICAL PHENOMENA IN 
SMECTIC A LIQUID CRYSTALS 

G. F. KVENTSEL and B. I. LEMBRIKOV 
Department of Chemistry, Technion - Israel Institute of Technology, 
Haifa, 32000, Israel 

Abstract. We investigated theoretically the nonlinear phenomena (a self- 
focusing, a self-trapping, stimulated light scattering and four-wave mixing) 
in smectic A liquid crystals (SA) caused by a new physical mechanism of 
cubic nonlinearity determined by the propagating mode of a layer normal 
displacement, or the so-called second sound. A nonlinear part of a refrac- 
tive index caused by a layer normal deformation which is responsible for a 
self-focusing effect, and a gain coefficient in the case of a stimulated light 
scattering (SLS) on the second sound are one or two orders of magnitude 
greater than the similar quantities for isotropic organic liquids. The light- 
induced dynamic grating of layer deformations generates a high-frequency 
longitudinal electric field due to the flexoelectric effect. The light-induced 
dynamic grating of layer normal displacement ultimately excites a rotational 
hydrodynamic flow with a considerable velocity. Using the slow varying am- 
plitude approximation we calculated the light wave and second sound wave 
amplitudes explicitly for some important cases. 

I. INTRODUCTION 

:Liquid crystals are highly nonlinear materials due to their unique complex physi- 
cal structures, and their physical properties (temperature, molecular orientation, 
imass density, etc.) are easily perturbed by an applied optical field.' The nonlin- 
ear optics of liquid crystals emerged as a separate field of liquid crystals study, 
iind the nonlinear optical phenomena in liquid crystals have been thoroughly 
j nvestig at ed both theoretically and experiment ally. '-6 The st ate-of- t he-art is re- 
viewed in Ref. [l]. 

In general, the nonlinear optical phenomena may be described in terms of op- 
tically induced refractive index changes.' The major mechanisms responsible for 
the refractive index changes in liquid crystals are the optically induced changes 
in the molecular reorientation angle Ad, in the temperature AT and in the mass 
density AP.'-~ The more complicated nonlinear effects such as orientational- 
temperature and flow-orientational coupling are also possible.' Nematic liquid 
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146 G. F. KVENTSEL AND B. I. LEMBRIKOV 

crystals (NLC) so far remain the main focus of nonlinear optical investigations 
and applications due to their giant orientational and thermal nonlinearity and 
their sensitivity to comparatively low light intensity. However, NLC have at 
least two disadvantages from the point of view of nonlinear optical applications. 
Firstly, despite the extraordinarily large orientational nonlinearity, the slow de- 
cay time of the rkorientation remains as a major limitation in practical device 
applications.' Secondly, the large light scattering loss limits the possibility of 
optical processes in NLC requiring longer interaction length than a few hundred 
microns - the typical extinction length in NLC.' These limitations are essential 
for the novel applications of liquid crystals in high peak-power lasers, where the 
elements are required to be large, low in loss (both in terms of scattering and 
absorption), resistant to laser damage of multijoula cm-' fluence levels and to 
possess a fast response.' The basic physics of laser induced molecular reorienta- 
tion, thermal, density and flow phenomena in the emectic phase are qualitatively 
similar to those occuring in the nematic phase.' However, smectic liquid crys- 
tals (SA) are highly viscous, and they do not flow as easily as nematics do.'*7*8 
The smectics tendency to have layered structures imposes a further restriction 
on the reorientation by an external field.' The order parameter's dependence 
on the temperature is less drastic than in the nematic phase, and thus the re- 
fractive indices RII  and n l  are not sensitively dependent on the temperature.' 
Consequently, the optical nonlineaxity of SA caused by the orientational and 
thermal mechanisms is comparatively small. The Brillouin and electronic cubic 
nonlinearities in SA while being fast enough have approximately the same or- 
der of magnitude as the ones in organic liquids do since their elastic constants 
associated with the bulk compression .and their molecular susceptibilities are 
approximately of the same order of magnitude.'~7-'' 

we investigated theoreticdy the self-focusing, 
self-trapping, stimulated light scattering (SLS) and four-wave mixing (FWM)" 
in SA caused by the new mechanism of the cubic nonlinearity which is deter- 
mined by the propagating mode of a layer normal displacement, or the so-called 
second sound.7*8 The temporal, spatial and energetic characteristics of the new 
nonlinearity mechanism are evaluated. It turned out that this mechanism com- 
binee the typical features of the orientational nonlinearity and the electrostric- 
tive one, since it occurs without a change of a mass density, strongly depends on 
the light polarization and propagation direction, and, on the other hand, has a 
frequency dependence of a resonance form, short response time and the charac- 
teristic energy which is intermediate between the orientational energy and bulk 
compression's one. 

In a number of 
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SECOND SOUND 147 

The nonlinear optical processes are essentially different when the layer nor- 
imal deformation exists and when it is absent. In the second case SA behaves 
iiimilarly to NLC as a two-dimensional liquid in a plane of a layer." 

The ordinary and extraordinary beams undergo a self-focusing and a self- 
1;rapping in a form of a transverse spatial soliton due to the layer normal defor- 
mation. A nonlinear part of the refraction index determined by this deformation 
js about lo-'' esu which is one or two orders of magnitude greater than the one 
for the orientational Kerr effect and electrostriction in organic liquids. The self- 
focusing and self-trapping of the extraordinary beam strongly depends on its 
propagation direction and polarization, and these effects are possible only when 
i;he angle between the beam vector and the wave vector is sufficiently small. 
The propagation of a bright surface-guided wave is possible at an interface be- 
tween a linear medium and SA." In the absence of the layer normal deformation 
the arbitrary polarized light propagating in a layer plane undergoes a self-phase 
modulation. 

The stimulated scattering of two arbitrary polarized light waves on the layer 
deformations transforms into a partly degenerate FWM16 because each wave 
riplits into an ordinary wave and an extraordinary one due to the optical 
misotropy of SA.20 Their interference creates the dynamic grating of the layer 
displacement. The light waves coupling is strong when their frequency difference 
is close to the second sound frequency. Two light waves with the lower frequency 
rue amplified while two waves with the greater frequency are depleted. The gain 
coefficient is one or two orders of magnitude greater than the one in the case of 
t,he ordinary Brillouin scattering in isotropic organic liquids. The combination of 
t.he optical anisotropy and nonlinearity gives rise to the additional components 
of the fundamental light waves. The spectrum of scattered waves consists of 20 
harmonics with the Stokes, anti-Stokes and fundamental frequencies and com- 
bination wave vectors unlike the ordinary Brillouin scattering when one Stokes 
wave and one anti-Stokes wave exist." 

The two-wave mixing corresponds to the particular case of SLS when each 
incident light wave is polarized in the incidence plane, or normal to it."1"-16 

The nondegenerate FWM on a second sound is to some extent analogous to 
the Brillouin enhanced FWM (BEFWM)2'-z4 which combines the possibility of 
the parametric amplification and phase conjugation. Four interfering light waves 
with the frequency differences close to the second sound frequency generate a 
dynamic grating of the layer displacement which consists of 6 harmonics with 
the essentially different frequencies and wave vectors. The energy and momen- 
tum conservation laws for the frequencies and wave vectors of the fundamental 
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148 G. F. KVENTSEL AND B. I. LEMBRIKOV 

light waves scattering on this grating are met automatically which permits the 
effective energy transfer from the pumping wave with the largest frequency to 
the signal wave with the lowest frequency. Two waves with the intermediate 
frequencies form the spatially localized soliton-like structures. If the two pairs 
of waves counterpropagate, then the phase conjugation and amplification of the 
phase-conjugate wave occur. The additional components of the fundamental 
light waves are created analogously to SLS. The spectrum of the scattered har- 
monics this time consists of 24 nondegenerate harmonics with the combination 
frequencies and wave vectors due to the nondegenerate character of the process.17 

Unlike NLC, where the purely orientational excitations are possible without 
the hydrodynamic flow of a material as a whole, in SA the light-induced layer 
displacement varying with time inevitably excites the hydrodynamic motion. A 
hydrodynamic velocity depending on the light intensity may reach a value of 
10 cm sec-l.l' The flow represents a complicated pattern?' which is periodic in 
space and oscillatory in time. In the conducting SA an alternating component 
of an electric current determined by the hydrodynamic velocity is much larger 
than a direct current determined by low-mobility ions. The light-induced dy- 
namic grating generates a longitudinal high-frequency electric field due to the 
flexoelectric effect. The light-induced electric field can reach a value comparable 
with the one in NLC. The longitudinal electric field behaves as a surface wave 
at the boundary between SA and a linear This field also breaks 
the inversion symmetry of SA and permits a second harmonic generation (SHG) 
for each incident wave. The theoretical results for SLS and FWM show a good 
accord with the experimental data obtained by I. C. Khoo and co-w~rkers.~ 

2. THE BASIC EQUATIONS 

The quantitative description of a nonlinear optical effect usually starts with 
a set of coupled wave equations with the nonlinear susceptibilities acting as the 
coupling coefficients." This coupled-wave approach can also be generalized to 
include waves other than electromagnetic, such as acoustic wave, shear waves 
etc." We are starting with the equation of motion of a layer normal displacement 
in an external electric field. The hydrodynamics of SA has been analyzed in 
Ref. [7], [8], [26]-[30]. The effects connected with the first and second sound, 
respectively, can be considered separately since the elastic constant associated 
with the bulk compression is much larger than the elastic constant B associated 
with the layer We are interested in the phenomena connected 
with the second sound. In such a case SA is assumed to be incompressible, and 
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SECOND SOUND 149 

the system of equations describing the hydrodynamics of SA far from the phase 
transition when the temperature is assumed to be constant takes the form7e8: 

divv' = 0 (1) 

au 
v, = - 

at 

where v; is the hydrodynamic velocity, p is a mass density, 11 is a pressure, is 
the generalized force density, b;)k is the viscous stress tensor, a ; k  are the viscosity 
Leslie coefficients, F is the free energy density of an incompressible SA. In the 
presence of an external electric field 3 it takes the f ~ r m ~ ~ ' ~ :  

where K: is the hank elastic constant associated with the orientational energy, 
and E j k  is the dielectric constant tensor containing the terms h e a r  on the layer 
deformations. It has the f ~ r m ~ * ~ ~ ' ~ ~ ' ~ :  

BU 
E,, = E w = E l + a l -  

82 

8U 
E,, = -Ea- 

ax Ez. = 

Euz = Ezy = -€,- 
au 
aY 

E,  = €11 - E l  

where € 1 1  and E~ are the diagonal values of E;k along the optical a x i s  and normal 
to it, respectively, and all, a l  are the phenomenological dimensionless coefficients 
of an order of magnitude of unity." The X and Y Bxes are chosen to be in the 
plane of the layer, and the 2 axis coinciding with the optical axis of SA is normal 
to the layer. In an incompressible SA the free energy density F does not depend 
on the bulk compression, and therefore 

I I e O  (9) 
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150 G. F. KVENTSEL AND B. I. LEMBFUKOV 

The condition of the layer continuity (6) is specific for SA. It is valid in the 
case of the second sound excitation when the slow process of permeation can be 
i g n o ~ e d . ~ ' ~  The layer displacement ti(?, t )  has by definition only one component 
normal to the layer plane7*8126*27: 

Therefore 
= (0, 0, A,) 

In the case of excitations depending on z the orientational terms in (7) can be 
neglected because for the typical values of B and K: - dyn7i8. 

K:k2 << B (12) 

for any reasonable inverse spatial dimension k of the excitation considered. In 
general case when 

8u 
- # O  
B Z  

substituting the relationships (3)-(5), (7), (10) and (11) into the equation (2), 
taking into account the condition ( l ) ,  applying to the equation (2) the operator 
rot rot, using the well-known identity" 

rot rot5 = grad divv' - V2v' 

and substituting the relationship (6) into the equation for v, we obtain the 
equation of motion for the normal displacement u(?, t )  of a layer12~'K-'7: 

The equation (13) coincides with the equation of the second sound,8 if an external 
electric field is absent and the viscosity terms are neglected. It is seen from (13) 
that the second sound can be excited by the arbitrary polarbed light waves. 
However, the oblique direction of propagation of light waves with respect to a 
layer plane is necessary. We must use the values of E: which are time-averaged 
over the light frequency o, since the second sound frequency is of an order of 
magnitude of an ordinary sound f r e q u e n ~ y , ~ ' ~ ~ ~ - ~ ~  and therefore 

Q < < W  (14) 
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SECOND SOUND 151 

The homogeneous solution of the equation (13) represents the second sound 
wave with the dispersion relation8: 

(15) fl = so k, sin 'p cos 'p 

where so = JB/p is the second sound velocity, k, is the wave vector, and 'p is 
the angle between i, and its projection on the layer plane. The relaxation time 
of a homogeneous second sound wave has the form: 

-# 

In the particular case when 
8U 
8 Z  
_ -  -0 

we obtain from the relationships (1)-(11) the following equation instead of the 
equation ( 13)14: 

In the absence of an external field E' the equation (17) describes the overdamped 
undulation mode with the wave number and the relaxation time ry: 

The inertial term in the left-hand side of (17) in such a case can be neglected,' 
However, in the case of two interfering light waves with the wave vectors z l , 2  

and the close frequencies w1,2 such that 

the first term in the left-hand side of (17) must be kept for sufficiently large 

and 
a;(Ak)a 

P 
A @ > -  - (10' t 10') sec-' 

where the typical values of the material parameters were used: a; - 1 Poise, 
p N 1 g c ~ - ~ . ' * S  
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152 G. F. KVENTSEL AND B. I. LEMBRIKOV 

It is seen from the equation (17) that the undulation, or wave-like mode in 
SA is to some extent analogous to the overdamped orientational, or twist waves 
in NLC.36-37 However, the twist waves in NLC exist without any hydrodynamic 
flow, while in SA the light-induced excitation of the undulation mode results 
in the hydrodynamic flow due to the condition (6). The equations (13) and 
(17) show that the orientational mechanism of the optical nonlinearity in SA 
represents the particular case of the new mechanism determined by the layer 
displacement as the main dynamic variable describing the medium. In general 
case both the normal and the tangential deformations of layers exist. The con- 
tribution of the normal deformations into the free energy is predominant. This 
case corresponds to the second In the particular case when the nor- 
mal deformations of layers vanish the tangential deformations of layers remain 
which are connected with the small energy of the molecular reorientation inside 
a layer. This case corresponds to the purely dissipative undulation m ~ d e . ~ ~ ~  The 
equations of motion (13) and (17) permit a uniform description of a variety of 
nonlinear optical phenomena in SA. 

The propagation and interaction of electromagnetic waves in a nonlinear 
medium is governed by the Maxwell equations which yield the wave equation": 

where c is the light velocity in vacuum, and 6' and dNL are the linear and 
nonlinear part of the electric induction, respectively, which have the form: 

and 
821 821 

0,"" = al-E,-e,-E, 82 82 
821 

DyN" = alKE,, 

The electric field l? and the total induction 5 also obey the c o n d i t i ~ n ' ~ * ~ ~ :  
+ 

divD = 0 (23) 

The amplitude A of an infinite plane wave is assumed to be dependent only 
on the coordinate in the 2 direction normal to an interface between linear and 
nonlinear media": 

I.? = Z{A(z)expi(iF- w t )  + c.c.} (24) 
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SECOND SOUND 153 

where e'is the polarization unit vector. We use the slowly varying amplitude 
(SVA) approximation which is determined by the following conditi~n'~: 

In the case of monochromatic light beam the field amplitude A(w,r') depends 
not only on z but also on z and y119*'0 and it is supposed that 

where 

is the transverse part of the Laplace operator. The condition (26) represents 
the so-called quasioptical approximation." The SVA approximation makes it 
possible to obtain first order differential equations, or the so-called reduced 
equations for the complex amplitudes A(z) defined as 

where 7 ( z )  is a phase. The reduced equation for the amplitude A ( z )  of an infinite 
plane wave has the form [19]: 

(29) 

For the light beams the reduced equation has the form": 

-$ 

(30) 
BA W' 

aZ C' 
- 2ik- - V:A = -(Zl?NL)exp(-ik+') 

In the nonlinear optics the equation (30) can be used for the analysis of the 
self-focusing and self-defocusing  effect^.^^^'^ 
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154 G. F. KVENTSEL AM) B. I. LEMBRIKOV 

3. THE LIGHT SELF-ACTION EFFECTS IN SA 

3.1 
The passage of a laser beam through a nonlinear optical material is inevitably 
accompanied by intensity-dependent phase shift on the wave-front of the laser 
beam, as a result of the intensity-dependent refractive index and the finite beam 
size.6 This phenomenon leads to the so-called self-action effects which result in 
a change in the form of an amplitude (self-focusing), in a change in a phase 
(self-phase modulation), in the state of polarbation of the beam, and in the 
transforming of the beam into a stable filament with a constant width (self- 

The Self-Focusing and SeE-Trapping in SA 

trapping) .= 
In the case of the stationary self-focusing the light beam amplitudes &,e 

are assumed to be time-independent.'@ This approach is valid when the pulse 
duration rP is much greater than the relaxation time typical for the nonlinearity 
mechanism.= In our case the relaxation time T, can be used with a characteristic 
perturbation dimension w instead of k;'. In the case of SA due to its symmetry 
D ,  the XZ plane may be chosen in the plane of a light beam incidence, while 
the Y axis is normal to it. Using the equation of motion (13) we obtain for the 
time-independent perturbation: 

where the transverse component E,, and the in-plane component l?, of the arbi- 
trary polarized slab-shaped" light beam have the form, respectively: 

E,, = & exp i(&,? - W t )  + C.C. 

2, = e'. [&expi(ke?- W t )  + C.C.] 

(32) 
(33) 

+ 

The simultaneous analysis of the equations (30) and (31) for the case of an 
arbitrary polarized light beam containing both components is very complicated 
because the amplitudes depend on the Merent coordinates. However, the beams 
can be assumed to propagate independently in the different directions due to the 
large optical anisotropy of SA: the ordinary beam propagates in the direction 
of its wave vector Z,,, while the extraordinary beam propagates along the beam 
vector $1 Ze which is determined by the angle 4, 'O: 

where dl is the angle between Z, and the Z axis. Therefore the layer deformations 
caused by each component are spatially separated. We consider two particular 
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SECOND SOUND 155 

cases, when only one type of the polarization exists, and obtain the condition 
of validity of such an approach. It is useful to introduce the new coordinates 
(z', z') parallel and normal to the ordinary light beam propagation direction, 
respectively: 

- z sin 8, + z cos 8, (i03 = -- 
ko 

z' = -z cos 8, + z sin 19, (35) 

where 8, is the angle between go and the 2 ax is ,  and (z", z") which are parallel 
and normal to the beam vector $, respectively: 

8'' = zsin8, + zcos8, 

2'' = -zcose, + zsin0, 

We are interested in the spatially localized solutions of the type? 

Fm IAo(z')I = 0 
L -too 

and the analogous solutions for IAl. Consider first the situation when only the 
ordinary beam propagates, and 

In such a case the reduced equation for the amplitude A,, represents the well- 
known nonlinear Schriidinger equation (NSE)" with the positive definite coefE- 
cient of the term cubic on the amplitude A,: 

which corresponds to the stationary two-dimensional self-focusing of the light 
beamz01" with the nonlinear part n,2 of the refractive index: 

Using the typical values 6 = 1.5, B - (lo' i 10') erg cm-3,7*8*34 and 
a1 - 1, we obtain n02 - ( 3  - lo-'' i 3 - lo-') esu which is one to three 
orders of magnitude greater than the typical values of a nonlinear part of re- 
fractive indices for the orientational Kerr effect and electrostriction in ordinary 
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156 G. F. KVENTSEL AND B. I. LEMBRIKOV 

 liquid^.^^*^^ In the self-focusing case there is a possibility that at a certain power 
level of light beam diffraction and nonlinearity would balance in such a way that 
the intensity profile IA,,,IZ remains unchanged on propagation." This is a self- 
trapping p h e n o r n e n ~ n ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  which is described by a stable solution of NSE 
in the form of a homogeneous waveguide channel,z0~3e~40 or a spatial soliton.41 
It has the formls: 

The width w, of the spatial soliton (41) has the form? 

Consider now the propagation of the extraordinary beam (33)) when 

The diffraction of an extraordinary beam in a medium with a weak optical 
anisotropy is in general similar to the diffraction of an ordinary In liq- 
uid crystals the optical anisotropy is much greater than in ordinary optical 
materials6n4' which results in the strong dependence of the self-focusing charac- 
teristics on the incidence angle of the extraordinary beam. The condition (23) 
is not met automatically in this case unlike the case of the ordinary beam, and 
it yields: 

As a result, the reduced equation for the extraordinary beam contains two types 
of new terms caused by the optical anisotropy": 

1. The term with the first derivative on the transverse coordinate z" emerges 
due to the existence of the wave vector component kel  normal to the beam 
vector; 

2. The corrections proportional to the anisotropy of the dielectric constant 
are connected with the deviation of the electric field from transversality. 

The term containing the first derivative on the transverse coordinate z" can be 
neglected as small in comparison with the term containing the first derivative 
on the longitudinal coordinate x": 
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SECOND SOUND 157 

when the anisotropy angle (0, - 8,) is sufficiently small: 

(46) 
tanel 

tan(el - e,) = - 
€11 Qtan2e1 + 1 

[e l l  

where kell is the wave vector component parallel to the beam vector, and w is a 
transverse dimension of the beam. In SA where the optical anisotropy is much 
larger than in ordinary crystals, the anisotropy angle can reach a value of 0.1, lS 

and in such a case the self-focusing and self-trapping of the extraordinary beam 
with k, N 5 - l O ' n - '  are hardly possible for a realistic light intensity.ls When 

is sufficiently small, the condition (45) can be met, and we obtain the NSE 
for the extraordinary beam which is similar to the previous case.18 It has the 
soliton solution": 

(47) 
he 1A-l w x sech [ d7 2c 2 r B  1 + z e c r  sin 0,) sin 8, 

The width we of the spatial soliton (47) has the form: 

The effective nonlinear part n$ of the refractive index of SA may be evaluated 
as follows: 

nd = hf IrB- (1 t 5 e e z  Ell sin e, 1 sin2 e. 1-l (49) 

The comparison of no2 and n$ shows that in general case both quantities are of 
the same order of magnitude, but nzf strongly depends on the polarization and 
propagation direction of the extraordinary beam. 

Comparing the solutions (41) and (47) one may see that in the case of an 
arbitrary polarized beam containing both an ordinary component and an ex- 
traordinary one each of these components may propagate independently, if the 
transverse distance between their axes is greater than (w, t we)/2.  The nu- 
merical estimations show that for the typical value of the optical anisotropy of 
a liquid crystal (&./EL) - 0.3 ' and for a comparatively large incidence angle 
8, > r / 4  the beams would separate after covering a distance comparable with 
their width. The critical power of the self-trapping P, N 0.0002MW which 
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158 G. F. KVENTSEL AND B. I. LEMBRIKOV 

can be realized.8e This power is three orders of magnitude lower than the one 
for the electrostrictive nonlinearity in benzene or carbone disulfide.sg The power 
P of the slab-shaped beam" with the dimension in the Y direction d,, > w has 

where R is the transverse coordinate (z' or z" in our case), and the expres- 
sion (41) was used for the sake of definiteness. For the critical power P, N 

0.0002 MW and dy N lo-' cm the equation (42) yields wo - cm. The 
samples of SA with a thickness of ( cm are ~ o w I I . ~ ~ ~  This esti- 
mation is also wlid for the extraordinary beam in the case of a sufficiently small 
anisotropy angle. 

The self-trapping in the form of a bright surface wave is also possible when 
the light wave propagates along the interface between an isotropic homogeneous 
medium and SA cladding." It should be noted that the mechanical instabili- 
ties in SA caused by the normal deformations of layers have been investigated 
experimentally by means of the elastic light scattering.' Consequently, we may 
suppose that the self-focusing and self-trapping of the intensive light beams in 
the bulk of SA and at the interface between a linear medium and SA due to 
the light-induced normal deformation of layers would be also observable, if the 
sufficiently strong pumping is applied. 

+ 6 - 

3.2 The Spatial Self-Modulation of a Light Wave in SA 
In the case when the layer normal deformation is absent, and arbitrary polarized 
light wave propagates in the layer plane the spatial self-phase modulation occurs 
due to the interaction of components of the optical field which are parallel and 
perpendicular to the optical axis. These components excite the static grating 
of the tangential deformation of layers. As a result of the coupling through 
this grating, each component undergoes spatial phase modulation which infiu- 
ences the polarization of the wave when it propagates in SA. The polarization 
is characterized by the Stokes parameters" which in OUT case have the form : 

The equations (52)-(54) show that the Stokes parameters are spatially modu- 
lated due to the nonlinearity and anisotropy of SA. The spatially inhomogeneous 
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SECOND SOUND 159 

phase difference e (54) consists of two parts. The first term in (54) is caused 
by the birefringence of SA, and it is similar to the one in any optically uni- 
.axial medium, except that it has a larger magnitude due to the strong optical 
sanisotropy of liquid crystals. The second term is proportional to the inten- 
;Pity of the incident light wave, and it emerges due to the kind of the spatial 
Iself-modulation connected with the tangential deformations of the layers. The 
.polarization ellipce of a light wave is characterized by the orientation angle \Eel 

and the ellipticity angle xel in the following way": 

'The comparison of equations (51)-(54) and equations (55), (56) shows that the 
:polarization ellipce evolves in space, and its form and a x i s  direction depend on 
the intensity of the wave. 

4. THE NONLINEAR WAVEMIXING IN SA 

4.1 The General Approach 
'We investigated three types of the optical nonlinear wavemixing in SA which 
occur due to the new mechanism of optical nonlinearity determined by a layer 
normal displacement u(;, t ) .  11-17 In the simplest case when two incident light 
waves are polarized strictly in the incidence plane, or normal to it, a two-wave 
idxing occurs.12-16 In general case when two incident light waves have arbitrary 
]polarizations each wave splits into an extraordinary wave and an ordinary one 
due to the optical anisotropy of SA.1° As a result, the two-wave mixing trans- 
jforms into a kind of FWM, which we define as a partly degenerate FWM since 
there are four fundamental light waves with two Merent frequencies.lB The two- 
wave mixing and the partly degenerate FWM can be characterized as SLS on 
the second sound which is to some extent analogous to the stimulated Brillouin 
acattering. When there exist four incident light waves having the essentially 
different frequencies with the difference between them of an order of magnitude 
of a second sound frequency a nondegenerate FWM takes place.17 

In all these situations the following chain of events occurs.l' 

1. The interfering light waves create a dynamic grating of layer displacement 
u(+, t )  according to the equation (13). In the case of the two-wave mixing 
the grating consists of one harmonic.l6 In the case of the partly degenerate 
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160 G. F. KVENTSEL AND B. I. LEMBIUKOV 

FWM four propagating harmonics with the same frequency and the dif- 
ferent wave vectors are excited." In the case of the nondegenerate FWM 
there exist 6 harmonics with the essentially different frequencies and wave 
vectors.17 

2. The fundamental light waves exchange energy and undergo the cross-phase 
modulation due to the parametric coupling through the light-induced dy- 
namic grating.12*''-17 

3. The fundamental light waves are scattering on the light-induced dynamic 
grating and create a spectrum of Brillouin-like harmonics with the Stokes 

larization of the fundamental waves changes due to the combination of the 
nonlinearity and anis~tropy.'~*'~ 

and anti-Stokes frequencies and combination wave vectors.'a~16-1' The PO- 

Consequently, the total electric field in SA Zto' can be presented as a sum of a 
finite number harmonics with SVA1'-": 

where gm is the field of a fundamental wave, Z& is the additional component of 
the fundamental wave caused by the combination of anisotropy and nonlinearity, 
and is the scattered Brillouin-like harmonic. It is clear that the number of 
terms in the series (57) depends on the kind of the wave-mixing. 

The light absorption by the dynamic grating of the layer displacement can 
be neglected, since the second sound relaxation time rT1 determined by the 
viscosity of SA is small in comparison with the time required for the transition 
of the second sound wave through the region of interaction of the light waves. 
The dynamic grating turns out to be a sort of a channel providing a total 
energy transfer between the coupled light waves. In general, SLS on the dynamic 
grating of the layer displacement can be considered as a steady-state process with 
the time-independent amplitudes A(e)  for the following reasons. The strong 
energy exchange between the light waves through the slow second sound modes 
requires a light pulse duration Tp which is much greater than the second sound 
relaxation time I";'. The numerical estimations using the values of Akj in an 
interval of ( lo3 + 5.10') cm-' and the typical values of SA material parameters 
p N 1 g ~ m - ~ ,  ai N 1 Poise 718 show that the relaxation time I";' N + 
4 - 10-lo) see. This means that even SLS of the nanosecond pulses can be 
characterized as steady-state one for the dynamic grating with a sufficiently 
small spatial period Ak;'. Consequently, in the further analysis we consider only 
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SECOND SOUND 161 

time-independent SVA. The system possesses one integral of motion including 
only the light intensities because the second sound modes do not participate 
directly in the steady-state energy 

We substitute the layer displacement u(f‘,t) obtained from the equation of 
motion (13) into the dielectric constant tensor (8 ) ,  and then combining the total 
electric field (57) and the nonlinear part E:” of the dielectric constant tensor 
118) proportional to the layer deformations we find the nonlinear part 6jnrL (22) 
of the electric induction. It represents a kind of a Fourrier series containing 
it finite number of harmonics which is determined by the type of wave-mixing 
 process^'-'^: 

The analysis shows that the amplitudes 6:” are essentially comp1ex.1z~14*1e*17 
Therefore the amplifcation and the cross-phase modulation of some fundamental 
waves by other ones due to the complex nonlinear induction are p~ssible .~ The 
nonlinear interaction between the light waves is strong only in the case of the 
phase matching which occurs when the energy and momentum conservation con- 
tiitions are fulfilled for the frequencies and wave vectors of the coupled waves.19 
In the case of the scattering on the light-induced dynamic grating these con- 
servation conditions are met automatically for the frequencies and wave vectors 
of the fundamental waves, and therefore in general case the nonlinear induction 
6lVL contains the terms which are phase-matched to the fundamental waves 
and some other terms with the combination frequencies and wave vectors. Con- 
sequently, the nonlinear induction gives rise to three types of the essentially 
nonlinear optical effects. 

f i N L  = C(6T” expi41 + c.c.) (58) 

1. The parametric coupling, amplification and cross-phase modulation are 
determined by the components of the phase-matched terms 6:” which 
are parallel to the field of the fundamental waves. 

2. The components of the phase-matched terms 6:” which are normal to 
the fundamental waves field generate the additional components of these 
fundamental waves. As a result, the fields of all fundamental waves become 
three-dimensional, while initially some of them were two-dimensional and 
one-dimensional vectors. 

3. The nonlinear terms with combination frequencies and wave vectors create 
the scattered harmonics (Brillouin-like scattering). 

Substituting the total field Ztot (57) and the nonlinear induction dNL (58) 
into the wave equation (20), taking into account the SVA approximation (25),19 
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162 G. F. KVENTSEL AND B. I. LEMBRKOV 

equating the phase-matched terms and projecting the nonlinear induction on the 
direction of the field of the fundamental waves we obtain three sets of equations 
describing the effects mentioned a b o ~ e . ' ~ J ~  

1. The first order reduced equations (29) for SVA (28) of the fundamental 
waves &(z). 12*14-17 We do not limit the analysis of the parametric cou- 

pling to the constant pumping approximation" often and consider 
the general case taking into account the depletion of the pumping waves 
and the saturation of the amplification process.'21'4-'7 The number of the 
reduced equations is equal to the number of the fundamental waves. 

2. The wave equations for the additional components J?&. These components 
in general case are neither purely longitudinal, nor purely transverse, and 
therefore the wave equations sould be solved together with the condition 
( 23).181 l7 

3. The wave equations for the Brillouin-like scattered harmonics As. 
In principle, the solution of the reduced equations (29) for the moduli and the 
phases of the SVA (28) with the appropriate boundary conditions provides a full 
description of a spatial distribution of the intensities and phsses of the fnndk 
mental waves. However, in general case the explicit solution of the system of 
these equations is hardly possible. We consider separately the partly degenerate 
FWM,l8 the two-wave mixing as a particular case of and nondegenerate 
FWM.17 Using the SVA and infinite plane wave appro~imations'~ we succeeded 
in calculation of the amplitudes of the coupled waves explicitly in some prac- 
tically important c a s e ~ . l ~ l l ~ - ~ ~  In general case the behaviour of the amplitudes 
has been evaluated qualitatively .l6~l7 

It is useful to compare the results obtained for the nondegenerate FWM in SA 
with the exact theory of the nondegenerate FWM in a non-dissipative isotropic 
medium with a scalar cubic susceptibility x(') developed in Ref. [45]-[48]. The 
scalar character and real value of x(') permits a description of a dynamics of 
a system in terms of the canonical equations for SVA of coupled waves. All 
phases are varying as a whole in the form of a certain linear combination. As a 

result, the exact solutions have been obtained in terms of the Jawbian elliptic 
 function^.^^-'^ Consequently, the energy exchange depends periodically on the 
propagation distance. The energy and momentum conservation rules for the 
frequencies and wave vectors of the coupled waves which are necessary for an 
effective energy transfer from a pumping wave to amplified waves are to be met 
simultaneously, which can be provided due to the compensation of an initial 
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SECOND SOUND 163 

wave vector mismatch by the wave vector mismatch caused by the optical Kerr 
c:ffect." The system has four integrals of motion. 

In contrast to the situation considered in Ref. [45]-[48], in our case the cubic 
susceptibility is a complex tensor17 which makes the system much more compli- 
cated and does not permit an explicit solution. Unlike the case,'6-u each phase 
evolves inde~endent1y.l~ In the case of FWM on the light-induced dynamic grat- 
ing the conservation laws are met automatically for all fundamental waves, and 
the wave vector mismatch vanishes. The system considered in our case has only 
one integral of motion because the direct energy exchange between the optical 
field and the second sound is negligible. Such an approximation is valid, if the 
dissipation length of a second sound mode 

LD = 807, (59) 

is small in comparison with the excitation length" of a virtual second sound 
Inode LE. In the case of the nondegenerate FWM in SA there exist 6 excitation 
lengths which can be also defined as the correlation lengths for each pair of the 
c:oupled light waves Em and En. It has been shown17 that in the case of the 
light-induced dynamic grating r 

L D  - << 1 
LE 

Consequently, the second sound modes are passive, or "slaved", and the scale 
separation exists between the dissipation and excitation processes.z6 The light- 
induced dynamic grating plays a role of an elastic channel for the energy transfer 
from the pumping wave with the largest frequency to the other waves. The 
energy exchange occurs on a distance of an order of magnitude of the excitation 
length LE, and it is non-reciprocal, unlike the situation in the conservative 
s ys t em. " 

4.2 The Partly Degenerate FWM 
Consider two incident light waves propagating from a free semi-space z < 0 to 
SA filling a semi-space z > 0: 

= 8,z [A:,, exp i (i$ - Wt) + C.C.] 

w:,2 
= - t 

where the polarization unit vectors q,2 are assumed to be three - dimensional, 
the frequencies w1,2 are assumed to be close: 
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164 G. F. KVENTSEL AND B. I. LEMBRIKOV 

and we choose for the sake of definiteness that 

w1 > w2 (64) 

We define the incidence plane of the wave I?: as the XZ plane. Such a choice 
is possible, since SA possess the symmetry D, '9' which permits any rotation 
around the optical axis coinciding with the Z axis. In this geometry four waves 
would propagate in SAao: 

@ = eOfCl [Ay(z)expi (pF'- wlt) + c.c.] 

@ = eOfC2 [AY(z)expi (@V- w2t) + c.c.] 
(65) 

(66) 

It is easy to show that the extraordinary waves @,, possess the components 
parallel to the optical axis  and the ones normal to it. The ordinary waves 
do not possess the components parallel to the optical ax is .  Both ordinary waves 
are transverse. The system of the light waves coupled through the dynamic grat- 
ing possesses an integral of motion including only the light intensities because 
the second sound modes do not participate directly in the steady-state energy 
exchange. The integral of motion has the form": 

It is instrumental to introduce the dimensionless variables 

Substituting (68) into (67) we obtain 

w. + w,c + w; + w; = 1 (69) 

The calculation of the explicit solution of the system of the reduced equations 
in general case is hardly possible, and we investigate the qualitative behaviour 
of the dimensionless intensities W?; and phases 7;:;. The system has the formal 
solution in the integral form": 
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SECOND SOUND 165 

The coupling constants pj and 6, have the form : 

w : w ~ I O  Awh!(Akjl)2rj 
3 &dj 4np(Akj)' IGjl' 

p. = - > O  

where 
d - 0 0  dl = lzlf, d2 = l;li,  d3 = l:lf, 4 - Ill2 

the quantities 1;;; are determined as follows 

(74) 

(75) 

for the ordinary and the extraordinary waves, respectively, and 

The denominator of the second sound Green function Fourier transform has the 
form: 

Gj = (Aw)' - Of + iAwI'j (78) 

The quantities flj and rj have the meaning of the frequency and the time decay 
constant of the second sound, respectively: 

The wave vectors A$, of the dynamic grating represent the differences of the 
fundamental wave vectors kj: 
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166 G. F. KVENTSEL AND B. I. LEMBRIKOV 

and 
(AkjA)2 = (Akjm)' + (Akjv)2 (82) 

Taking into account the conditions (67)-(69) and (74) we obtain from the equ% 
tions (70) and (71): 

The relationship (83) shows that the energy transfer from the pair of waves 
with the greater frequency w1 to the pair of waves with the lower frequency w2 

occurs. The influence of the cross-phase modulation on the parametric process 
is determined by the ratio of the coupling constants pj and 6j. According to 
the condition (74) the constants /3j are positive definite while 6j may be positive 
as well as negative which corresponds to the behaviour of SA as focusing, or 
defocusing medium, respectively.20 The resonance case when 

( Aw)' = Sl; (84) 

is the most favourable one for the strong coupling since the energy transfer occurs 
at almost constant phases." Consider the practically important case when each 
of the incident light waves (61) has mainly one type of polarization, and their 
components with other polarization are much less than the main ones. We 
investigate the behaviour of these small components and their influence on the 
main components. Let, for example, the pumping wave E: is mainly polarized 
in the incidence plane, while the signal wave l?: is mainly polarized normal to 
its incident plane. In this case the dimensionless variables Wz' (68) obey the 
conditions: 

4 

W,.BW,., W;)>W,. (85) 

The intensities Wt and Wi can be expanded into a series because all intensities 
are finite and sufficiently smooth at large distances z ,  as it has been shown 
previously": 

Substituting the expansions (86) and (87) into the general system of the reduced 
equations we obtained the chain of coupled equations" which have in the first 
approximation a separate integral of motion 
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SECOND SOUND I67 

and the solutions16: 

where 

and the dimensionless variable v has the form: 

Pl q = - z  
2 

The quantity zo has the meaning of a coordinate of a critical point where the 
intensities of the pumping and signal waves are equal. 

zo = --In 1 [S] 
W (95) 

It exists, if 

Wao) > W,”(O) 
It is seen from the relationships (92) and (93) that the ordinary component of 
the pumping wave vanishes as 1 + 00, while the extraordinary component of 
the signal wave increases and reaches the saturation level at s&ciently large 
9 >> 70: 

V --f 00, W,. 4 0, (W.),, = W,.(O) (96) 

(97) 
wyo) ba 

9 00, W,. + W O )  [I + *] > W,.(rl) 

The s m d  corrections Wtl and W& have the form”: 

W:l = [sech(T - q O ) l a  d ~ ‘  [cash($ - TO)]’ [l - tanh(7’ - t]o)] x 

W,O, = [sech(V - ~ I O ) ] ~  /” d$ [cosh(d - V O ) ] ~  [1+ t d ( d  - TO)]  x 

0 

x [Wf + Wi(1 - 61) - Jz] 

x [ J a  - Wl - Wf( 1 - 6 2 ) ]  

(98) 

(99) 
J a  = Wf(O)+Wl(O), J1 t J2 = 1 (100) 

0 
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168 G. F. KVENTSEL AND B. I. LEMBRIKOV 

The solutions (92), (93), (98) and (99) satisfy the conservation law (91) auto- 
matically which can be proved imrnediatelyl6: 

The explicit calculation of the integrals (98) and (99) is hardly possible. How- 
ever, we evaluated the lower and the upper limits of these expressions using 
the relationships (92), (93), (96) and (97) and assuming without the loss of 
generality that 

b,a 1 (102) 

The analysis shows that the corrections Wtl and W;' are finite, small, and they 
satisfy the conservation law (91) for all I). The system is stable with respect 
to the thickness of SA sample and to the pumping intensity.16 

The phases qy of the pumping waves ,@ rapidly increase with 7 + foo 
which means that the depletion of the pumping waves is accompanied by the 
oscillations of their amplitudes." On the contrary, the phase q ~ "  of the signal 
waves EY reach the constant value at sufficiently large 7 ,  and the saturation of 
the amplification process occurs at almost constant phases.16 

The Brillouin-like scattered harmonics fi with the combination frequencies 
and wave vectors result from the coupling of the fundamental waves (65) and 
(66) with the field-induced dynamic grating. They are governed by the terms in 
the nonlinear induction (58) which are not phase-matched to the fundamental 
modes (65) and (66). These harmonics evolve according to the wave equation 

-. 

The combination frequencies and wave vectors do not satisfy the corresponding 
dispersion relations,ao and therefore the scattered harmonics consist only of the 
inhomogeneous solution which is driven by the nonlinear polarization in the 
right-hand side of the wave equation (103). They have the form: 

f i  = @ i q i + l +  C.C. (104) 

These harmonics are essentially weak in comparison with the fundamental 
modes.l9 The spectrum of the scattered harmonics contains 12 terms with the 
following Stokes and anti-Stokes frequencies ws and WA, respectively: 
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SECOND SOUND 169 

They have the following phases": 

Besides that there are 8 terms with the fundamental frequencies w1,2 and with 
the combination wave vectors: 

These terms are specific for the partly degenerate FWM. The four terms with 
the fundamental phases (@?-olt) and (@?-w~t )  are also doubly degenerate 
since only two different frequencies exist: w1 and w2 . The total number of the 
terms is consequently equal to 32, including 24 terms with essentially different 
phase factors: 4 phase-matched terms and 20 scattered harmonics, as it was 
mentioned above. The explicit form of the amplitudes @i is too involved, and 
we do not present them here. However, we can conclude using the relationships 
(13), (22), (68), (83) and (103) that all harmonics are spatially localized, and 
their amplitudes vanish at infinity: 

The additional components driven by the nonlinear part of the electric in- 
duction GNL have been calculated explicitly." Both anisotropy of the linear 
part of &;k and the nonlinearity are essential for the existence of the components 
fi, f f v  and fi",. The amplitudes of the additional components are proportional 
to / A T [ ,  and therefore they are spatially localized. 

+ 00, If% l f : v l ,  lf,91 + 0 (109) 

4.3 The Two-Wave Mixing 
IConsider the particular case when the two coupled waves are polarized strictly in 
ithe incidence plane, or normal to it. In the former case the waves propagate as 
extraordinary ones, in the latter case they propagate as ordinary ones.2o These 
two cases differ by the form of the coupling constants (77).12-" The reduced 
equations in this case can be solved explicitly. Let, for example, there exists the 
extraordinary wave @ and the ordinary wave @. Their interference gives rise 
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170 G. F. KVENTSEL AND B. I. LEMBRIKOV 

to the dynamic grating consisting of only one harmonic. The conservation law 
yields: 

w;(z) + Wl(2)  = w;(o) + W,O(O) = 1 (110) 

The solution has the form: 

w: = 

w,. = 

If the pumping wave intensity W;(O) at the entrance of SA is greater than the 
signal wave intensity W,O(O), we obtain substituting the expression (95) into 
(111) and (112) : 

Substituting the expressions (113) and (114) into the equations (72) and (73) 
we find the phases: 

So far we neglected the light absorption in SA. In general, the optical trans- 
mission losses in liquid crystals are caused by the absorption and light scattering 
on the orientational fluctuations .' The off-resonance light absorption in liquid 
crystals is small N + lo-') cm-'. ' The optical transmission losses due to 
the strong light scattering on the orientational fluctuations are typical for NLC, 
while in SA this mechanism of optical losses is considerably less manifested be- 
cause of the higher degree of molecules ordering.' Consequently, the negligence 
of the losses used in our analysis is valid, especially in the case when two strong 
incident waves interact.l* Nevertheless, it is useful to evaluate the threshold of 
the simultaneous excitation of the second sound wave 

u = U ( 2 )  exp i(ZJ - rat) + C.C. (117) 

and of the scattered Stokes wave @ (66) by the strong pumping wave 2; (65) 
in the process analogous to the stimulated Bdlouin scattering on an ordinary 
sound when at the first stage only the strong wave 2; e ~ r i s t s . ' ~ ~ ~ ~  The absorption 
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SECOND SOUND 171 

is taken into account by means of the imaginary part of the diagonal components 
EL and of the dielectric constant tensor (8)." The excitation of the wave E,' 
and the second sound wave u(F1 t )  occurs, if" 

The inequality (118) is similar to the condition of the stimulated Brillouin scat- 
tering on an ordinary s o ~ n d . ' ~ ~ ~ ~  For SA we can neglect the losses caused by the 
scattering on the orientational fluctuations.' The numerical estimations show 
that the threshold intensity value 

C P N - IAIt,Jz N 1 M W  cm-' 

which is slightly less than the intensity threshold for an ordinary sound excitation 
in organic liquids such as n-hexane, carbon disuMde etc..'O 

For the typical values of the material parameters of SA'*7*Z6 the following 
inequalities take place": 

4n 

r 2  I4IZ - > -  n B 

Taking into account these conditions we obtain the amplitude gain ~oefficient'~: 

Consider finally the stimulated scattering of two light waves 
-+ 

El = [Al(z)expi(kl,z + kl,y - wlt) + c.c.] (121) 

Ez = E, = Az(z) expi(kz,z + kzvy - wzt)  + C.C. (122) 

propagating in a layer plane of a planary oriented"' SA on the so-called undu- 
lation mode." The X axis is chosen to be normal to the interface z = 0 between 
a linear medium (z < 0) and SA (z > 0). In such a case the second sound 
cannot be excited, and the normal deformation of a layer vanishes according to 
the equation (16). The overdamped undulation mode 

u = U(z)expi(A&'- Awt) + C.C. (123) 

is determined by the equation of motion (17). The form of the solution for the 
field amplitudes is analogous to the two-wave mixing on the second sound (113), 
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172 G. F. KVENTSEL AND B. I. LEMBRIKOV 

(114)) and it has been ~btained. '~  However, SLS on the overdamped undulation 
mode (123) lacks a resonant character. The comparison of the gain coefficients 
PU and Pi  show^'^^'^ that in the case of small frequency difference 

the amplification is stronger in the case of SLS on the undulation mode, and it 
occurs at the almost constant phases. The case when 

is favourable for both kinds of SLS.12*" Finally, the condition 

leads to the s m d  amplification and strong cross-phase modulation in both sit- 
uations considered since it is impossible to satisfy the resonance condition (84) 
for the second sound, and, on the other hand, the gain coefficient p,, decreases 
as (Aw)-'. l4 

4.4 
Consider a nondegenerate FWM in SA when four fundamental light waves have 
close frequencies with the difference 

The Four-wave Mixing in SA 

(127) 
80 Awmn = wm - W, - -urn << urn 
C 

For the sake of definiteness we assume that 

It turned out that this case is essentially different from the one of partly degen- 
erate FWM.17 Namely, the light wave with the lowest frequency is amplified up 
to a saturation level, the light wave with the highest frequency is depleted, while 
two waves with the intermediate frequencies are compressed in space forming 
the soliton-like enve10pes.l~ Suppose that four light waves propagate from a free 
semi-space z < 0 into SA filling a semi-space z > 0. SA is homeotropically 

and its optical a x i s  coincides with the 2 a x i s .  The X and Y axes 
are chosen to be in a layer plane, as usual. Using the infinite plane wave and 
SVA  approximation^'^ we write the electric fields of the four fundamental waves 
in SA in the following form: 

-4 

, ??m=&[Am(~)e~p i (k , , , ? -~rnt )+~ .~ . ] ,  m =  1 ,..., 4 (129) 
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SECOND SOUND 173 

In general case an arbitrary polarized light wave splits into an ordinary wave and 
an extraordinary one.2o As a result, the eight-wave mixing would occur instead 
of FWM. This case is not considered. We assume that all fundamental waves 
are either polarized normal to an incidence plane and propagate as ordinary 
waves, or they are polarized in an incidence plane and, consequently, propagate 
as extraordinary ones.2o In the first case they have polarization unit vectors 

(130) 
-0 -0 

eom = eomi  = (em=, emu, 0) 

and the dispersion relation2': 
2 

(131) 
2 Wm 

C2 
(kk) = -EL 

In the second case the polarization unit vectors e'em are three-dimensional: 

(132) 
+ c  -0 

eem = ( e C m l  , emz) 

and the wave vectors i& obey the dispersion relation2': 

where 
4 

k b L  = kk,Z + k b Y a  

We consider separately the cases of the interaction of the extraordinary and 
ordinary waves. They differ by the form of the coupling constants hmn. First 
consider the coupling of the extraordinary waves. The dynamic grating of the 
layer displacement consisting of 6 harmonics has the form": 

u( ?, t )  = Umn exp i( A L n  - Aumnt) 

where 
-0 

Akmn = 

umn = 

hmn 1 

Gmn = 

2 
'mn = 

r m n  = 
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174 G. F. KVENTSEL AND B. I. LEMBIUKOV 

The coupling constants hm, depend on the polarization of the waves. In the 
case of the mixing of ordinary waves hk,, takes the form: 

The contribution of the static layer deformations 

can be neglected, as small in comparison with the deformations of the dynamic 
grating (134)." 

The detailed analysis of the system of equations describing FWM17 shows 
that the parametric amplification with saturation of only one wave El occurs, 
while three other waves E2,s,4 undergo total depletion: 

The intensities of the waves E z , ~  with the intermediate frequencies form the 
spatially localized soliton-like states, if the pumping wave E4 at the input z = 0 
is sufficiently strong. h the excitation interval 

three waves E1,1,3 are amplified. Here and zoj are the coordinates of the 
points of maximum of W2,s. The solutions W1,2,s,4 are non-periodical and stable 
with respect to a sample thickness and a pumping inten~ity.'~ 

The behaviour of the phases rrn is analogous to the situation considered in 
the previous section: each phase evolves independently. If for all rn, n 

then all phase shifts are negative, i.e. the medium behaves as a defocusing 
0 n e . ~ ~ 1 ~ ~  In the oppoeite case 

all phase shifts are positive, and SA is a focueing medi~m."~'~ 
Consider the important case when the pumping wave 
are much stronger than the idler waves E2,s: 

and the signal wave 
-0 
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SECOND SOUND 

l'he conservation law'? 

expressed through the dimensionless variables W, takes the form": 

175 

(148) 

l'he conditions (143) and (149) permit the following expansion: 

In this case the explicit solution can be obtained which has the form'?: 

where 

P41 - &1 P4s - Ps1 
P41 

al = , a1 = 
8 4 1  

P4s + PSl 

P41 
1 cz = 

PI2 + PI1 c1 = 
p41 

(155) 

and the coupling constants Pmn have the form'?: 

(156) 
pmn = W' m w'I n 0 h1 mn AwmnI?mn(Ak,,,ni)a 

QrpCzm1n lGmnIa(Alemn)l 

Each coupling constant Pmn represents the contribution of the elementary two- 
wave mixing process in the FWM process. The coupling constants Pmn play a 
role of the gain coefficients, and their moduli reach maximal values in the case 
of the resonance: 

( AWmn 1' = QZI, (157) 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
22

 1
8 

Fe
br

ua
ry

 2
01

3 



I76 G. F. KVENTSEL AND B. I .  LEMBRIKOV 

In the resonance case (157) Pmn has the form17: 

The small corrections are17: 

W.1 = - [sech(q - q1)12 Jrl [cosh(q' - 71)]2 x 
0 

x [I - tmh(7' - 71)] x 

x p4lJZ + WZ(P42 - p41) + W3(@43 - /%I)] Ldq' (160) 
p41 

It is easy to see that17 

7 + = ,  WZ,S+O (161) 

which coincides with the general result (143). If ul,2 > 0, then a slow decay of 
W Z , ~  occurs, in the opposite case u1,2 < 0 the decay of Wz,s is rapid. The analysis 
show that WZ,S reach their maxima at the points z0z,o3, respectively, which are 
determined by the following expressions: 

The solutions 
zo2 > 0, zos > 0 

exist. if 

The corrections W11,41 are finite, small, spatially localized and satisfy the 

Calculating the phases rm(z) according to the expre~sion'~ 
conservation law (152) for any pumping intensity and SA thi~kness. '~ 
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SECOND SOUND 177 

we keep only w10,40 neglecting small spatially localized quantities w2,3,11,41. Sub- 
stituting (151) into (165) we find17: 

(166) 
614 

2p41 
71 = --In (cosh(rl1) exp(f)sech(v - TI)] 

(169) 
614 

2p41 7 4  = --In [sech(vl) exp(3) cosh(q - T,I~)] 

where 

and 

It is seen from the expressions (166)-( 169) that the phase of the amplified wave 
.El tends to the constant value, while the depletion of the waves E2,3,4 is accom- 
panied by the almost periodical cross-phase modulation: 

%?,3,4 -m (172) 

FWM is called polarization-decoupled when some of light waves have perpen- 
dicular  polarization^.^^ Such waves do not excite the dynamic grating (134) since 
the corresponding coupling constants vanish, as it is seen from the equations 
(134), (136) and (141). If each light wave is polarized normal to its incidence 
plane and therefore propagates as an ordinary one," and one field is perpendic- 
ular to the others (for example, 21 I J??2,3,4), then we find that the signal wave 
polarized normal to all other waves propagates through the nonlinear medium 
without any change. If 

21 1 J??2,3, J??l 11 2 4  (173) 
then two independent processes of two-wave mixing occur. The solutions repre- 
sent two independent pairs of spatial kinks (151)'l with the different crossing- 
points (95) and excitation lengths." 

In the particular case when the fundamental waves (129) counterpropagate, 
iin analog of BEFWM with a phase conjugation" is possible. Consider the 
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178 G. F. KVENTSEL AND B. I. LEMBRIKOV 

situation when the wave El is phase-conjugate of the wave El, while the waves 
E2,3 are forward-going and backward-going pumping waves, respectively.2' The 
phase-conjugate wave has the time-reversed phase factor with respect to the 
incident w8ve.l' As a result, we obtain from the expression (129): 

4 

E' = z1 [A' expi(&++ wit) + C.C.] 

Ez = Z2 [A2expi(&+-w2t) + c.c.] 

Es = gs [Asexpi(&'+ wst + A&,.', + c.c.] 

2 4  = Z4 [A4 expi(i4+ - w4t) + C.C.] 

(174) 

(175) 

(176) 

(177) 

-# 

-t 

where A& is the wave vector mismatch of FWM process." 
In the case of the phase conjugation by stimulated scattering the condition 

of the frequency balance between the harmonics with the same wave vectors is 
necessary." Choosing the frequency differences 

AwS1 = Aw42 = Awl 

and assuming that the amplitudes of the forward-going and backward-going 
pumping waves E2,3 are large in comparison with the probe wave E4 and the 
phase-conjugate wave El, and they are kept constant 

(178) 

JA2,sl B lAi,il A2,s =  ons st (179) 

we seek the amplitudes of the probe and conjugate waves in the following form: 

L J 

Analysis of the linearized system of the reduced equations (29) for A1,4 shows'7 
that there exist the root gel with the negative real part 

Reg,' < 0 (181) 

which corresponds to the amplification of the phase-conjugate wave El propa- 
gating in the negative direction. The strong amplification of this wave would 
occur. if17 

The numerical estimations show'? that this inequality can be easily met for the 
pumping intensity N 100MWn-' which is available.* The gain coefficient has 
the form'?: 
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SECOND SOUND 179 

where 

and 

The phase-matched components of the nonlinear polarization which are nor- 
mal to the electric field of the fundamental light waves generate their additional 
c:omponents. If the fundamental waves (129) are polarized in the incidence plane, 
then the transverse components of these waves emerge due to the combination 
of anisotropy and nonlinearity of SA. These transverse components would be 
polarized along the unit vectors - [Zm x Zm] 

etml = 
s m  

-# 

where s', is a beam vector of the extraordinary wave Em , and [20] 

s', I Zm 

Projecting the corresponding part of the wave equation (20) on the direction 
efml and using the relationships (132) and (133) we obtain: 
..I 

2 
wm 'NL ELL = - (Dm - [S:, x Zm]) 

smc2k$ 

where 6:" is determined by the expressions (B), (22), (132)-(134), (136) and 
(137). If the fundamental waves (129) are polarized in the layer plane and 
perpendicular to the propagation direction, the only component of the nonlinear 
electric induction which is normal to the field jm is 0:; since SA is a uniaxial 
c ryst a175 

0:; = [-&.A,expi(&,,r'- wmt)] x 

It generates the following field components": 
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180 G. F. KVENTSEL AND B. I. LEMBRIKOV 

Comparing the relationships (143), (149) and (185)-( 188) one may see that all 
additional components EL are finite and spatially lo~alized'~: 

The components of the nonlinear electric induction (58) which are not phase- 
matched to the fundamental waves (129) give rise to the number of the scattered 
harmonics with the Stokes and anti-Stokes frequencies: 

The amplitudes Ft in the case of nondegenerate FWM have an order of magni- 
tude of the following expression: 

where Am,n,p are the amplitudes of the fundamental waves (129). Comparing 
the expressions (143), (149) and (191) it is seen that all harmonics f: have the 
finite and spatially localized  amplitude^'^: 

z +m, IF:l - 0  (192) 

The total number of the scattered harmonics with essentially different fre- 
quencies and wave vectors is equal to 24. Indeed, the multiplication of 6 har- 
monics of the dynamic grating (134) and of 4 fundamental waves (129) yields 
48 terms including 12 terms which are phase-matched to the fundamental waves 
( 129).17 The remaining 36 terms include 12 terms of the type 

-4,,,4A;expi [(k, + &, - k)?- (w, + wp - wn)t] 

ALXexp i  [2(&,,?- wmt) - (h?- w.,t)] 

(193) 

which are doubly degenerate, and 12 terms of the type17 

(194) 

5. d H Y d  
D BY m - I N D U m  

5.1 
In liquid crystals a specific kind of electric polarization can exist which is con- 
nected with the orientational deformations - the so-called flexoelectric 
p ~ l a r i z a t i o n . ~ ~ ~ ~ "  In the static case the flexoelectric polarization in SA caused 

The Longitudinal High-Frequency Electric Field in SA 
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SECOND SOUND 181 

b y  layer normal deformations is negligibly small in comparison with the one in 
NLC because of the large value of the elastic constant B. " However, in the case 
of the optically excited dynamic grating of the layer normal displacement (134) 
the flexoelectric polarization in SA can reach the same magnitude as in NLC 
due to the resonant character of the excitation. The flexoelectric polarization 
Fj in SA has the forma6: 

where e{,2,3 are the flexoelectric coupling constants.zs The polarization (195) 
causes the electric field according to the condition (23)": 

+ 
div ( & l E j l +  EIIEj,i'+ 4 r @ j )  = 0 (196) 

Using the Maxwell equations" one can show that a magnetic field 3, associated 
with the flexolectric polarization $j (195) is small and can be neglected: 

1 Aw 
c Ak 

H j  - -- Pj - -- A k n p f  pf  (197) 

Therefore the electric field l?j is longitudinals3: 

r o d ,  = o (198) 

Combining the equations (134), (136), (195), (196) and (198) we obtain17: 

X 
+ i hrnnnkn [ ( e l  + e { )  (Aknl ) '  + e i ( ~ k n z ) ~ ]  

E j  = - Z E A L n  
m,n AknzGrnn [&l (Aknl )2  + & l l ( ~ k n z ) 2 ]  

x A,A; exp a( A&,,,,? - Awrnnt) (199) 

The longitudinal field l?j is spatially l~calized'~: 

Z + W ,  lE,l+O (200) 

At the interface z = 0 the terms Ejmn behave as high-frequency spatially pe- 
riodic surface waves since they cannot penetrate into a linear medium z < 0. 
Actually, according to the boundary conditions" the tangential component of 
the wave vector of each harmonic (199) is continuous at z = 0. 

(201) 
L 

kmnl = AknI  

The normal component k k ,  in a linear medium has a purely imaginary value 
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182 G. F. KVENTSEL AND B. I. LEMBRIKOV 

1 
and therefore 

(203) 
Awmn (kkJa = (7) - ( A k d  < 0 

The light-induced electric field 2, (199) breaks the inversion symmetry of 
SA and permits SHG due to the mixing of the high-frequency wave (199) and 
the fundamental light waves (129) on the cubic susceptibility of an electronic 
origin x$h. l9 The second harmonic polarization in such a case has the form: 

PiNL(2Wm) N x$~(w = wm + wn + Awmn)E,j(Awmm) x 

x E d  (urn)& (wn ) 

The effective quadratic susceptibility x p ( A u m n )  in our case has a second sound 
frequency Awmn, in contrast to the situation with NLC where SHG is caused by 
a static flexoelectric polarization6': 

XF N x&E,j(Awmn) 

Combining the expressions (129) and (199) we obtain: 

p i N L ( b m )  N -gXiju(2W-) i (4 [&Ia 4 A L s j e d e d  x 

X 
hmnQin [ (ef + ei)  ( A k n l ) '  + e { ( ~ k n s ) ' l  

AknsGmn [El(Aknl)l  + & 1 1 ( ~ ~ z ) l ]  
X 

x exp i(2&,,+ - 2 ~ , t )  

This nonlinear polarization would generate a second harmonic." 

5.2 A Light-Induced Hydrodynamic Flow in SA 
In NLC the orientational motion gives rise to the so-called twist waves, or ori- 

entation wave8 without the hydrodynamic flow of a liquid as a whole?6-ar In 
contrast to NLC, in SA any disturbance in the hydrodynamic flow inevitably 
results in the hydrodynamic flow according to the equations (1) and (6). The 
normal component v, can be calculated immediately from (6)": 

V,  = EVmne~pi(A&,J- Awmnt) (204) 
m,n 

The derivation of the equation of motion (13) shows that the interfering light 
waves excite the rotational flow having the vorticity6' 

rot$# 0 
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SECOND SOUND 183 

The hydrodynamic flow (204) is a complicated spatio-temporal pattern" which 
represents a superposition of 6 harmonics with different spatial periods 
r u  (Ah,,,,,)-" and temporal periods - (Au,,,)-'. According to the relationships 
(127), (131) and (133) 

For small angles between &,, and L 
k - k  (206) 

Ah,,,, h,,, (207) 

and A&,,,, is approximately normal to the propagation directions of the coupled 
light waves. Consequently, according to the condition (1) the direction of the 
hydrodynamic velocity $would be approximately parallel to the wave vector &,,, 
i.e. it almost coincides with the light wave propagation direction. If additionally 
the angle between &,,, and the Z E& is small, then SA would mainly flow in 
the direction perpendicular to a layer. In the opposite case, when the light 
waves propagate under a small angle to a layer plane they give rise to the flow 
which is almost parallel to a layer plane. Each harmonic in the series (204) can 
be characterized by two spatial scales. The short scale is determined by the 
inverse wave vector difference (Ah,,,,,)-'. The large scale is due to the spatial 
inhomogeneity of the amplitudes A,,,, and it is determined by the correlation 
lengths (@,,,,,)-'. Substituting the relationships (138), (149) and (156) into (205) 

where 

M,,, = w,w, = w,(o)w,(o) x 

The factor Mmn (209) determines the large-scale profile of the hydrodynamic 
velocity containing the combination of the energetic, temporal and spatial char- 
acteristics of the process. Comparing the expressions (209) and (143) we see 
t.hat all amplitudes V,, are finite and spatially localized. 

z + - ,  IVmnI + o  (210) 

Therefore all hydrodynamic excitations are of the convective type." 
The ana l~s i s "~  shows that the envelopes of the velocity harmonics have the 

form of a spatial soliton.'" The hydrodynamic flow is divided into the large- 
scale strata with the different temporal and short-scale spatial periodicity." If 
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184 G. F. KVENTSEL AND B. I. LEMBRIKOV 

all Pmn are essentially different, the points of maximum would be well resolved 
from one another, and the different strata would be distributed approximately 
symmetrically with respect to the maximum of the largest component. In the 
opposite case when all Pmn are approximately equal the small components with 
the rapidly oscillating different phaaes may be neglected in comparison with the 
largest component, and the hydrodynamic flow would have the soliton profile of 
this component. Numerical estimations show that all lMrnnl vanish for g - (4+ 
5) .  Each amplitude [Vrn,,[ reaches its maximal value in the resonant case when 
the condition (157) is met. The hydrodynamic velocity may reach a maximal 
value about 10 cm aec-l. The minimal sample thickness which is sufficient for 
the excitation of the hydrodynamic spatial soliton in the strong optical field 
must be of an order of magnitude of the excitation ( correlation) length LE - 
0.02 cm.17 The samples of SA of a thickness - (200 f 500) pm have been used 
to observe SLS and second sound e x c i t a t i ~ n ? * ~ ~ ~ '  

o r i e r~ ted~*~  SA. The only necessary condition is that light waves should propa- 
gate obliquely to smectic layers, or in other words, to the optical axis of SA. 

So far we considered SA as a dielectric material. However, it should be noted 
that in SA with a finite electric conductivity the light-induced hydrodynamic 
flow can change a character of an electroconvection process.67 If dc electric field 
is applied, the electric current in SA consists of the ion fluxes due to migration, 
diffusion and convec t i~n .~~  The light-induced high-frequency hydrodynamic ve- 
locity (204) can be greater, than a time-independent migration velocity of ions 
with a low mobility p - m2/V sec in a dc field E h  N (10' + 10') V/cm. 
As a result, the ac component would be predominant, which makes it possi- 
ble the formation of high-frequency patterns.z6 The comprehensive analysis of 
this problem is a topic of a perspective work connected with a high-frequency 
hydrodynamics and electrodynamics of a smectic phase in general. 

The results obtained are d i d  for both homeotropically and planary 

6. CONCLUSIONS 

The new mechanism of the optical nonlinearity determined by the layer normal 
displacement u(F, t )  combines advantages of both orientational and electrostric- 
tive ones: 

1. A large magnitude of a cubic nonlinearity in comparison with an ordinary 
Brillioun nonlinearity due to the smaller magnitude of the corresponding 
elastic constant; 
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SECOND SOUND 185 

2. A short time response due to the high viscosity of SA; 

3. A weak temperature dependence, at least for temperatures not very close 
to the phase transition; 

4. A resonant form of the frequency dependence; 

5. A strong dependence on the polarization and propagation direction of light 
waves due to the anisotropic dispersion relation of the second sound. 

We obtained the following new results. 

1. The ordinary and extraordinary beams undergo a self-focusing and a self- 
trapping in a form of a transverse spatial soliton due to the light-induced 
layer normal deformations. The self-focusing and self-trapping of the ex- 
traordinary beam are possible only when the angle between the propa- 
gation direction and the wave vector of the beam caused by an optical 
anisotropy of SA is sufficiently small. In ordinary crystals such an effect is 
negligibly small. The nonlinear part of a SA refraction index determined 
by layer normal deformation is about 10-lOesu which is one or two orders 
of magnitude greater than the one for an orientational Kerr effect and 
electrostiction in isotropic organic liquids. The propagation of a bright 
surface-guided wave is possible at an interface between a linear medium 
and SA.ls The arbitrary polarized light wave propagating in a layer plane 
undergoes a spatial self-phase modulation, and its polarization plane is 
changing. 

2. The stimulated scattering of two incident arbitrary polarized light waves 
appeared to be a partly degenerate FWM due to the splitting of each inci- 
dent wave into the ordinary wave and the extraordinary one. Four coupled 
light waves create the dynamic grating of the layer normal displacement 
u(?, t )  and undergo simultaneously the parametric energy exchange and 
cross-phase modulation due to the nonlinear scattering on this dynamic 
grating. When the frequency difference of the coupled waves satisfies the 
second sound dispersion relation, the strong resonant scattering and second 
sound wave excitation occur. Two light waves with the lower frequency are 
amplified, while two light waves with the greater frequency are depleted. 
The gain coefficient is one or two orders of magnitude greater than the one 
in isotropic organic liquids. The spectrum of scattered waves consists of 20 
harmonics with the Stokes, anti-Stokes and fundamental frequencies, and 
with the combination wave vectors. The anisotropy and nonlinearity of SA 
give rise to the additional components of the fundamental light waves.'' 
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186 G. F. KVENTSEL AND B. I. LEMBRIKOV 

In the particular case when the incident light waves are polarbed strictly 
in the incidence plane, or normal to it, the two-wave mixing occurs, which 
is accompanied by the amplification of the wave with the lower frequency, 
the depletion of the wave with the higher frequency and the cross-phase 
modulation.'2~"~'s The sufficiently strong incident light wave excites the 
secondary light wave and the second sound wave. In such a case there 
exist the threshold of excitation." 

3. The nondegenerate FWM in SA results in an excitation of the dynamic 
grating of the layer normal displacement consisting of 6 components, and 
in an energy exchange among the coupled light waves due to the new 
mechanism of the optical nonlinearity caused by the layer displacement. 
The light wave with the lowest frequency is amplified up to a saturation 
level. The light wave with the highest frequency decreases monotonically, 
and it is finally totally depleted. The two light waves with intermediate 
frequencies form the spatially localized structures. If the input pumping- 
signal intensity ratio is high enough, a limited spatial interval exist where 
three light waves with lower frequencies are amplified. In the special case 
of the counterpropagating waves and frequency balance which is typical 
for a phase-conjugation process an analog of BEFWM occurs with the am- 
plification of a phase-conjugate wave. The combination of anisotropy and 
nonlinearity of SA results in the generation of the additional components 
of the fundamental light waves. The scattering of the fundamental light 
waves on the dynamic grating generates the spectrum of 24 Brillouin-like 
small harmonics with the Stokes and anti-Stokes frequencies and combina- 
tion wave vectors." The numerical estimations for the typical values of the 
material parameters and the pumping intensity yield the values of the gain 
coefficient and excitation length which are in accord with the experimental 
data.' 

4. As a result of the flexoelectric effectT~8*ae~62 the light-induced dynamic 
grating of layer displacement generates a longitudinal high-frequency elec- 
tric field. This electric field does not penetrate into a linear medium and 
behaves as a surface wave at the boundary between linear medium and 
SA.16-" The light-induced electric field breaks the inversion symmetry of 
SA and permits SHG. 

5. A light-induced layer displacement results in the excitation of a hydrody- 
namic flow which represents a complicated spatio-temporal pattern with 
two different spatial scales. The short scale is determined by the wave 
vectors of the dynamic grating harmonics. The large scale is characterized 
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SECOND SOUND 187 

by the same excitation (correlation) lengths as the process of the light 
wave amplification (depletion). All harmonics of the hydrodynamic veloc- 
ity are spatially localized. The hydrodynamic velocity may reach a value 
of 10 cm sec-’. The hydrodynamic flow can be stratified, or can possess a 
soliton-like spatial p10fle.l~ 
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